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Abstract: For every two-dimensional torus and every A; E N, A; > 3, we 
construct a conformal Willmore immersion / : ^ with exactly one 

point of density k and Willmore energy dvr A:. Moreover, we show that the 
energy value Svr cannot be attained by such an immersion. Additionally, we 
characterize the branched double covers x {0} as the only branched 

conformal immersions, up to Mobius transformations of M^, from a torus into 
with at least one branch point and Willmore energy Svr. Using a perturba¬ 
tion argument in order to regularize a branched double cover, we finally show 
that the infimum of the Willmore energy in every conformal class of tori is less 
than or equal to Svr. 
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1 Introduction 

The famous Willmore conjecture states that the minimum of the Willmore energy among 
all immersions / : —)• R^ from a two-dimensional torus is equal to 27r^ and it is attained 
by the stereographic image of the Clifford torus x C S^. This conjecture 

was recently proved by Marques and Neves [MaNel4]. We note that the Willmore energy 
VV(/) for an immersion / : S —>• R"' of a Riemann surface S is defined to be 
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where H and d/U are the mean curvature resp. the induced area element of the immersion. 
Critical points of W are called Willmore immersions. 

Another interesting question to ask is whether the infimum of the Willmore energy 
is also attained in every conformal class of tori, or even more generally, if the infimum 
is attained for every closed Riemann surface S of genus g > 1. The immersions mini¬ 
mizing the Willmore energy in a fixed conformal class are called conformally constrained 
Willmore minimizers. The existence of these minimizers was established for some class 
of closed Riemann surfaces in [KuSchlS]. This was extended in [KuLil2] and [Ril4] to 
Riemann surfaces S which admit a conformal immersion / : S ^ M”" with Willmore 
energy W(/) < Stt , and in any case without energy restriction, a branched conformally 
constrained minimizer was obtained. Smoothness without energy restriction and in any 
codimension was proved for unbranched conformally constrained minimizers in [KuSchlS], 
and for branched conformally constrained minimizers, analyticity was proved in [Ril5] un¬ 
der the assumption that either the genus of the surface is less than or equal to two or 
the Teichmiiller class of the minimizing immersion is not hyperelliptic. Further, in [Ril5] 
minimizing constrained by closed submanifolds of the Teichmiiller space rather than a 
hxed class was considered. Moreover, in two papers of Ndiaye and the second author 
[NdSchld, NdSchl5], it was shown that the CMC-tori S^{r) x S'^(\/l — r^) c minimize 
the Willmore energy in their own conformal class in arbitrary codimensions if r ~ 

In this paper we study tori in higher codimension n > 4 . Any torus is conformally 
equivalent to a quotient := C/(Z -|- wZ) with and 

w G A4 := {a -|- I 6 > 0,0 < a < 1/2, -|- 6^ > 1 }, 

see [Jo] Theorem 2.7.1, and we put 

■= ■= inf{W(/) j / : —)■ M” conformal } (IT) 

for cj G A4 . Our first main result is an existence statement for conformal Willmore tori 
in every conformal class with a prescribed energy value. 

Theorem 2.1 For any conformal class w G A4 and k G No, A: > 3, there exist con¬ 
formal Willmore immersions f^^k : —)■ with exaetly one point of density k and 

yV{fuj,k) = JAtt for k>3. 


□ 

We complement this result with a non-existence statement for conformal Willmore tori 
with at least one double point and Willmore energy Stt. 

Theorem 2.2 For every torus there is no immersion /o ; —)• which has at 

least one double point and for which W(/o) = Stt. □ 

A result similar to Theorem 2.1 for spheres was shown by Barbosa [Ba75] and Calabi 
[Ca67]. For every integer k G N\{2}, they showed the existence of a superminimal im¬ 
mersion —)• with area Akii. Moreover, they showed that there is no minimal 

immersion with area Stt. After stereographic projection at a point which is not in the 
image of the surfaces, one obtains Willmore spheres in with Willmore energy equal to 
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Akir, k G N\{2}. Note that on the other hand there exist Willmore spheres in or 5^ 
with Willmore energy Stt (for example the Whitney sphere), see e.g. [MoOO]. Further¬ 
more, it was shown by Montiel [MoOO], that the Willmore energy of every Willmore sphere 
S'^ —7- (or R^) has to be a multiple of dvr, thereby generalizing the codimension one 
result of Bryant [Br84]. 

The particular implication of Theorem 2.1 that for any conformal class u £ Ai there 
exists a conformal Willmore immersion —)■ R^ is already known, as Bryant showed in 
[Br82] that any closed Riemann surface S admits a conformal minimal, even a super- 
minimal, immersion S —)■ , which then is Willmore as well. Moreover, he constructed 

the immersions as a Twistor projection T ; —)• of a holomorphic horizontal curve 

4> : S —)■ CP^ and he showed that the Willmore energy of the superminimal immersion has 
to be a multiple of dvr. Note however, that Bryant only obtains the existence of one such 
surface, whereas our result shows the existence of infinitely many Willmore immersions 
on every torus. 

Our construction of the conformal Willmore immersions is different to the one of 
Bryant, since we obtain our immersions via an inversion of suitable conformal minimal 
immersions in R^ with ends of multiplicity one. More precisely, we construct these immer¬ 
sions via a pair of meromorphic functions (/, h) : ^ R^ with exactly k > 3 simple poles 

and no common branch points. The existence of these functions follows basically from 
the Riemann-Roch theorem. It then remains to show that by inverting the immersion 
(/, h) one obtains an immersion as claimed in the theorem. In a remark after the proof of 
Theorem 2.1, we show that all of our immersions are different from the one constructed 
by Bryant. 

A similar construction was employed previously by Weiner [We86]. He showed that for 
every compact Riemann surface M of genus p which is a holomorphic submanifold of CP'^, 
for some n, of degree d, there exists a conformal immersion / : M —)■ R^ with W(/) = dvrd 
and which minimizes the Willmore energy in its regular homotopy class of immersions. 
Since every compact Riemann surface satisfies these assumptions for some value of d and 
n = 3 this implies the existence of a conformal Willmore immersion / ; M —)■ R^ for every 
such Riemann surface. We remark that the above immersions arise in the study of the 
equality case in an inequality derived by Wintgen [Wi78]. 

All constrained Willmore tori in were classified by Bohle [BolO]. He showed that 
they are either superconformal or stereographic projections of minimal surfaces in R^ with 
planar ends or the spectral curve has finite genus. The examples constructed by Bryant 
[Br82] are superconformal and the minimal surfaces with flat ends constructed in Theorem 
2.1 give rise to Willmore tori in via stereographic projection 

We note that the situation is somehow different in codimension one. Namely, there do 
not exist minimal tori in R^ with two or three embedded planar ends. As finitely many 
embedded planar ends imply finite total curvature, minimal tori in R^ with two embedded 
planar ends are excluded by [S83]. For three embedded planar ends, this was ruled out by 
Kusner and Schmitt [KuSchm95]. This shows in particular that Willmore tori in R^ with 
Willmore energy 127r cannot be constructed via minimal surfaces. 

In order to show the nonexistence result in Theorem 2.2, we invert the conformal im¬ 
mersion /o at the unit circle centered at one of its double points. It follows from a result of 
Weiner [We86] that the image / is a conformal minimal immersion from a twice punctured 
torus and df is a meromorphic C^-valued one-form with poles of order two precisely at 
the punctures. Using the fact that every torus is conformally equivalent to for some 
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uj G Ai, we show that the doubly periodic dzf can be expressed as a linear combination 
of two suitably modified Weierstrass p-functions and a constant. Since / is conformal, we 
are then able to show that we can reduce everything to codimension one, i.e. we construct 
out of / a modified conformal minimal immersion / from a twice punctured torus into 
with finite total curvature, which is a contradiction to the above mentioned result of 
Schoen [S83]. 

As an application and extension of the non-existence result for immersions from into 
R^ with at least one double point and Willmore energy Svr, we also classify all branched 
conformal immersions from T^, for every ui G Ai, into R^ with at least one branch point 
and Willmore energy Svr. We show that modulo Mobius transformations these immersions 
are given by a branched double cover ^ x {0}. 

As already mentioned above, the existence of conformally constrained Willmore tori 
is known under the assumption Ain{^) < Svr. In our second main result we show that at 
least the non-strict inequality holds by perturbing a branched double cover. More precisely 
we have the following 

Theorem 3.1 For any conformal class oj G Ai , we have 

Ai4{u!) < Stt, 

in particular Ain is continuous for n > 4 . □ 

We show this result by using a perturbation argument which slighly resembles the con¬ 
structions of counterexamples to rigidity results in [LaSchlS]. More precisely, close to the 
branch points of the branched double cover we add a small multiple of a suitably local¬ 
ized holomorphic function in the second component and the new immersion is conformal 
everywhere. The drawback of this construction is that this might change the conformal 
class of the torus and we cope with this problem by showing that the induced Teichmiiller 
class is surjective if the perturbation is small enough. Altogether, this yields a sequence 
of conformal immersions from every torus whose Willmore energy converges to Stt from 
above. 

Finally, we use the classification result for branched conformal immersions from 
into R^, in order to show that a similar construction cannot be done in codimension one. 
As a byproduct we show that for every conformal class u G Ai with Aiz{oj) < Stt , 
there exists a smooth, conformally constrained Willmore minimizer / : —)■ R^, which 

improves the above mentioned existence results in [KuLil2] and [Ril4] for tori in R^. 

2 Willmore tori in higher codimension 

In the first lemma of this section we show how one can construct a smooth immersion out 
of meromorphic functions with at most simple poles at the origin. A version of this result 
was already shown in [We86]. 

Lemma 2.1 Let /,/i ,/2 : Bi{0) — {0} C C —)• C be smooth functions which extend 
smoothly to the origin or are holomorphic and have a simple pole at the origin, and let 
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fi be holomorphic with a simple pole at the origin. Then 


I/1P + I/2P 

with (/ 9 ( 0 ) ;= 0 is smooth locally around the origin. Moreover if f is holomorphic with 
a simple pole at the origin, then Dip{tS) has full rank. 


Proof: 

Since /i has a pole at the origin, we know I/ 1 P + I/ 2 P/O and ip is well defined locally 
around 0 . We calculate for 2 ; 7 ^ 0 close to 0 

/ X ^ -_ zf{z) 

^ ^ zfl{z)zfl{z) + zf 2 {z)zf- 2 {z) ■ 

Since /,/i ,/2 are smooth or have at most a simple pole at 0 , the functions 
hi defined by hi{z) := zfi{z),i = 0,1, 2, are smooth. We see 

^ \h,{z)\^ + \h 2 {z)\^ 

and, when observing that hi{0) / 0 , as /i has a simple pole at 0 , we conclude that 
p is smooth at 0 . 

Further if / is holomorphic with a simple pole at 0 , we know h{0) 7 ^ 0 and calculate 
by standard Wirtinger calculus that 

hence dzp{0) = 0 , and 


dzP{0) 


Together 


det Dp{0) 


and Dp{0) has full rank. 


|/ il ( 0)|2 + | h 2 ( 0)|2 ^ • 

\dzp{Si)\^ - \dzP{^)?‘ + 0 , 


/// 


Next we show how the previous construction can be used in order to obtain smooth 
conformal Willmore immersions in 5^. 


Proposition 2.2 Let /i ,/2 : -Bi(O) —)■ CU{oo} he two meromorphic functions with only 
simple poles and 

[f'l = 0] n [/' = 0] = 0. (2.1) 

Then for any Mobius transformation , i.e. a composition of a Mobius 

transformation p : S‘^ ^ S‘^ and the inverse of an arbitrary stereographic projection 
T : U { 00 } , the map 

is a smooth conformal Willmore immersion. 
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Proof: 

If both /i ,/2 are holomorphic, then (/i,/ 2 ) : -Bi(O) —)■ is smooth as well and with 

pull-back metric 


9 ■— (/l) f2)*geuc — figeuc + f^geuc — (|/lP + |/2p)<7eMC, 


as /i, /2 are conformal by holomorphy. Then by (2.1), we see that (/i, / 2 ) is a conformal 
immersion. 

Moreover by holomorphy, /i ,/2 are harmonic, hence by conformal invariance of the 
Laplacian 

H(/,,/,) = A,(/i,/2) = 0, 

and we conclude that (/i,/ 2 ) is minimal, in particular a Willmore immersion. By 
conformal invariance <I> o (/i,/ 2 ) is a Willmore immersion as well, hence proving the 
proposition in the absence of poles. 

Now the poles of /i ,/2 do not accumulate in ili(O) by the definition of meromorphic 
functions, and we assume that fi or /2 has a simple pole at 0 . Instead of considering 
a Mobius transformation <I> : U {ooj^^S'^ , we consider the inversion / of — 
{0} given by {z,w) i-)- {z,w)/{\z\‘^ + |tcp) . By the previous lemma, we already know that 


/o(/l,/2) 


(/l,/2) 

I/1P + I/2P 


is smooth locally around 0 and that D{Io (/i, / 2 ))( 0 ) has full rank, hence lo (/i, / 2 ) is 
a smooth immersion locally around 0 . Next Jo (/i, / 2 ) is a smooth Willmore immersion 
in a punctured disc of 0 by the argument above, hence Io(fi,f 2 ) is a smooth Willmore 
immersion at 0 as well. Since every Mobius transformation $ ; U { 00 }can 
be written as <!>' o /, where U { 00 }is again a Mobius transformation, this 

concludes the proof of the proposition. 


/// 

Combining the above two results with the Riemann-Roch theorem, which yields the exis¬ 
tence of a meromorphic function with m > 2 simple poles on every torus, we are now able 
to show the first main theorem. 

Theorem 2.1 For any conformal class to G Ai and k G No, k > 3, there exist conformal 
Willmore immersions fu),k : —)• with exaetly one point of density k and 

yV{fuj,k) = dfcyr. 


Proof: 

By the Riemann-Roch theorem, there exists a meromorphic function f : ^ S'^ with 

m simple poles for m > 2 , see [Jo] Theorem 5.4.1, in particular / is of degree m . 
Clearly this is a branched conformal immersion. Considering a meromorphic function 
h with two simple poles and the covering projection n : C ^ , any translation in 

C by u G C induces a conformal automorphism of . Since / and h have only 
finitely many branch points, we may replace h by /i o for appropriate u G C such that 

[df = 0] n [dh = 0] = 0. 
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Moreover we may assume that h has no branching at the poles of / and that none of 
the poles of / coincides with a pole of /i . In this case 

k '■= #{ poles of f oi h }= m + 2. 

As m > 2 was arbitrary, we can achieve for k any integer > 4 . To achieve also k = 3 , 
we consider m = 2 and replace h hy {h — h{p))~^ for some pole p of / , hence / and h 
have at least one pole in common and the poles of h are still simple, as p is not a branch 
point of h by above. Next, if the two poles of / and h were the same, then h = af + j3 
by the Riemann-Roch theorem, which is impossible, since we already know that / and h 
do not have common branch points. Hence we get k = 3 . 

By the previous proposition, o (/, h) : ^ 5^ is a smooth conformal Willmore 

immersion for any Mobius transformation <I> : U {ooj^^S'^ . Moreover since f,h 

are holomorphic in — { poles of / or /i } , hence harmonic, we see that (/, h) : 
— { poles of / or /i } —)■ is minimal, hence 

W{if,h))=0. 

Clearly by above, the preimages of infinity under (/, h) are exactly the poles of / and h , 
and since for the inversion I of the map Io (/, h) is a smooth immersion locally 

around the poles of / and h by the previous lemma, we see by a standard calculation 
and the Gaufi-Bonnet theorem, that 

>V(/ o (/, h)) = W{{f, h)) + dvr • #((/, h)~^{oo)) = Akir, 

where we also assumed without loss of generality that 0 ^ {f,h){T^). Letting ■= 
I o (/, h) concludes the proof of the proposition. 

/// 

Remark: 

It follows from [Fr84] that the immersion (/, h) : — { poles of / or /i } ^ = 

constructed in Theorem 2.1 is superminimal. From the above results we get that 
o (/, h) = <I>^^ o / o (/, /i) : —)• 5^ is a smooth conformal Willmore immersion. Here 

4*AT resp. 4>s’ denote the stereographic projections from the north resp. south pole. Now 
we claim that the immersion o (/, h) is not minimal: 

If we assume that both (/, h) and o (/, h) are minimal, then it follows from the 
transformation formula for the mean curvature under conformal changes 

H = X-^{H - (2.2) 

where H is the mean curvature of the immersion with target (R^, X'^geuc), A = 2/(l + |xp) 
and U"*- denotes the normal component of a vector v G R^, that (/,/i) is a minimal cone. 
Since the intersection of every 2-dimensional minimal cone with the unit sphere of R^ 
is a geodesic, it follows that (/, h) has to be a plane and o (/, h) C a. geodesic 
sphere, which contradicts the fact that our surfaces are tori. 

Finally, we note that every Mobius transformation : R^ U can be written 

as 4> = ii o o T, where ii is a rotation of und T is a composition of rotations, 
dilations and translations of R^. This follows from choosing a rotation R of so that 
R{N) = <I>(oo). The map T := $ 7 v ° R~^ o : R^ U {oo} —)■ R^ U {oo} is then a Mobius 
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transformation with T(oo) = oo. Now the rotation R maps minimal surfaces onto minimal 
surfaces and great circles onto great circles and T also maps minimal surfaces onto minimal 
surfaces. 

Hence the above argument shows that o (/, h) cannot be minimal in for every 
Mobius transformation U In particular, all these surfaces are genuinely 

different from the ones constructed by Bryant in [Br82]. □ 


The Willmore immersions constructed in Theorem 2.1 with Willmore energy dvr A:, k > 3 , 
all have a point of density k . We show that this is impossible for k = 2 . 

Theorem 2.2 For every torus there is no immersion R^ which has at least 

one double point and for which W{fo) = Stt. 


Proof: 

Indeed if there is an immersion /o : —)■ R^ with W(/o) = Stt and at least one double 
point, say fo{pi) = fo{P 2 ) = 0 for some pi / P 2 £ after translation, then by [We86] 
Proposition 2 its inversion / ;= /o/|/oP ^ — {pi,P 2 } —)• R^ is a minimal immersion and 

df is a meromorphic C^— valued 1—form on with poles precisely at pi P 2 and each 
pole is of order two. By conformal equivalence (T^, f^geuc) — for some a; 0 R , we may 
consider /o and / as conformal immersions doubly periodic with respect to T := Z + cuZ 
on C respectively on C — {pi + T / p 2 + ^},Pi,P 2 £ C , and dzf = {dif — id 2 f)l 2 is a 
doubly periodic meromorphic C^—valued function with poles precisely at pi +r / p 2 + r 
and each pole is of order two. 

Next the Weierstrass p—function on C/T given by 


•= 72 + 


7SZ+(.i;Z—{0} 


(^- 7)2 



see [Ah] §7.3.1, has a pole of order two with residue zero precisely at T . Then 


pi := p{.-pi) - p{p3-i-pi), / = 1,2, 


(2.3) 


has a pole of order two with residue zero precisely at pi + T and vanishes at p^-i + T . 
Clearly as p is an even function by above. 


p{P2 -Pi) = pipi -P2)- 


(2.4) 


Then 

pip 2 has at most simple poles at pi + T,p 2 + T, (2.5) 

and for appropriate a, 6 G , also dzf — api — bp 2 has at most simple poles at 

Pi + r,p 2 + r . Clearly as dzf has a pole of order two at both pi + r,p 2 + T , we have 


a, 6 / 0. 


( 2 . 6 ) 


As in the proof of Proposition 2.1 by the Riemann-Roch theorem, there exists a doubly 
periodic meromorphic function in : C —)■ 5*^ with simple poles precisely at pi+T ^ P 2 +r , 
see [Jo] Theorem 5.4.1. We see by periodicity for the fundamental domain 


I :— ([s T tio [ s, t G [0,1] } 



and ^ G C with pi ^ F + d{^ + I) that 


0 = ^ / '^(0 '^C = Res{w,pi) + Res{w,p 2 ), (2.7) 

d(i+I) 

and we may assume that Res{w,pi) = 1, Res{w,p 2 ) = —1 • Likewise Res{dzf,pi) + 
Res{dzf,P 2 ) = 0 , and for c G we get that dzf — api — bp 2 — cw is doubly periodic 
meromorphic without poles, hence is constant and 

dzf = api + bp 2 + cw + d (2.8) 

for some d G . As dzf is the derivative of the real function / in Bg{pi) — 
{pi} for small ^3 > 0 , the period of dzf around pi has to be purely imaginary, that 
is 

3 j dzf{C)dC= j {api + bp 2 + cw + d){C) dC = 

dBg(pi) dBgipi) 

= 27ricRes{w,pi) = 27ri(—l)*“^c, 

when recalling that the residues of pi, p 2 and d vanish and that Res{w,pi) = (—1)*“^ . 
We conclude that c G . 

Introducing {z, w) = ^j'^j z,w G , conformality of / reads as 

0 = {dzf, dzf) = 

= {a,a)pi + {b,b)p 2 + 

+2(a, c)piw + 2(6, c)p 2 W+ 

+2(a, d)pi + 2(6, (i)p 2 + || c iP w'^-\~ 

+2{a,b)pip2 + 2{c,d)w + {d,d). (2.9) 

As pf is the only function with a pole of order four at pi , we get 

(a,a),(6,6) = 0. (2.10) 

Then piw is the only apprearing function with a pole of order three at pi , and we get 

(a,c), (6,c) = 0. (2.11) 

Next by (2.5), the only remaining functions with poles of order two are pi, p 2 and w"^ . 
pi has one pole of order two precisely at pi and with leading term l/{z — pi)^ ■ Since 
w has two simple poles at pi,P 2 with residue ±1 , we see that w"^ has two poles of 
order two at both pi,P 2 and with leading term ^/{z — pi)^ ■ Therefore 


We claim 


2(a,d)+ II c |p= 0, 
2(6,d)+ II c |p= 0. 

c = 0. 


( 2 . 12 ) 


(2.13) 


9 



Indeed if c 7 ^ 0 , we may assume after a rotation and a homothety of that c = 64 , 
as c is real. Then 04 = 64 = 0 by (2.11), and by (2.8) 

dzh = w + d4, 

has simple poles at pi +T,p 2 + T and expands to 

dzl^ipi + z) = —h (p(z) locally around pi 

with if holomorphic. Choosing a holomorphic V’ with = p locally around pi , we 
calculate 

25^(log | 2 :| + Re{ij){z)) = ^ + pj'{z) = OJa in Bg{0) - {0}, 
hence dz{fA{pi + .) — log |.| — Re{'ip)) = 0 and 

fiiPi + z) = log l^l + Re(il){z)) in Bq{Q) - {0} 
for appropriate holomorphic V’ • We conclude 

/ 4 (pi + z) X log \ z\ for z ^ 0. 

Since /o = //|/P is a smooth immersion vanishing at pi , we get |/o(pi + z)\ x \z\ and 

|/(pi + z)\ X l/\z\ for z ^ 0. 


Together 


|/o,4(pi + z)\ = Ihipi + z)\/\f{pi + ^)P X log |z| for z-^0. 

Then by smoothness of /o ,4 , we get /o, 4 (pi) = 0 ,Zl/o, 4 (pi) = 0 , hence /o, 4 (pi + z) < 
C\z\‘^ . This is a contradiction, and (2.13) is proved. 

// 

Combining (2.9), (2.10), (2.12) and (2.13) yields 

2(a,6)pip2 + (d,ci) =0. (2.14) 


Before proceeding, we prove that 


Oj + 6j = 0 dj = 0 for any j = 1,2, 3,4. (2-15) 

Indeed considering j = 4 and as dzfi is the derivative of a doubly periodic real function, 
the period of dzfi with respect to any closed path in — {pi,P 2 } has to be purely 
imaginary. This reads for the paths + u}k],zJi = 1 ,ijJ2 = OJ , which are closed in , 
and appropriate G C with 


Pi + d{^- pi + J) 


where 

J := {sujk + t{pi -p2)\ [0,1] } 
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see below, when using (2.8) and (2.13) that 


3 J dj4{0 dC = 04 J pi(C) dC + 64 J P 2 (C) dC + d4U)k- 

[?,?+<^fc] 


(2.16) 


By definition of pi in (2.3) and by (2.4), we see 




(pl-p2)(C)dC= j (p(C-Pl) -p(C-P2)) 


dc = 




J P(C) dC = 

J P(C) dC = 0 

[i-pi,i-pi+^k\+[i-pi+i^k,i-p2+i^k\+[i-p2+i^k,i-p2\+[i-p2,i-pi\ 

= J p(C)dC = 0 (2.17) 

dii-pi+J) 

by periodicity and meromorphy of p and recalling that all residues of p vanish. Putting 

CTk ■= J piiC) dC 

independent of / = 1,2 , we rewrite (2.16) into 

(04 ~t“ 64 ) 0 "/^ “ 1 “ d 4 iijf^ G fM.. 

Now if 04 + 64 = 0 then d 4 UJk G , hence ^4 = 0 , as 0 J 2 I 0 J 1 = cj 0 M , and (2.15) is 
proved. 


// 

We continue with the case 

(a, 6 )= 0 . (2.18) 

From (2.10), we see that Re{a) _L Im{a), |i?e(a)| = |/m(a)| .As o / 0 by (2.6), we may 
assume after a rotation and a homothety of that a = ei — 162 ■ Then by (2.18) 

0 = (a, 6 ) = 61 - ib 2 , 


and by ( 2 . 10 ) 

0 = (6, b) = 6^ + 62 T ^3 T 64 = 63 + &4, 

hence likewise 64 = —ib^ or 63 — z64 = 0 after reflection at x {0} . Next combining 
(2.12) and (2.13), we get (a, d), {b,d) = 0 . Firstly 

0 = (a, d) = di — id 2 , 
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and secondly by above 


0 — {b, d) — b\d\ + 62(^2 “1“ ^3(^3 + 64^4 — 

= bidi + {-i)bi{-i)di + 63(^3 - ibsd^ = bsids - id^), 

hence 

ds — i(i4 = 0, 

if 63 / 0 . Otherwise if 63 = 0 then also 64 = 0 , hence aj + = 0 for j = 3,4 and 

dj = 0 by (2.15). In both cases we have d^ — id^ = 0 . 

Combining the above, we see 

dzfi - idzf2, dzh - idzh = 0 , 


hence, as / is real, 

0 = dzfi - idzf 2 = dzifi + i/ 2 ) 

and hi := fi + 1/2 and likewise /12 := fs + ifi are doubly periodic meromorphic functions 
with poles only at pi,P 2 ■ Clearly by elementary function theory 

h'l = 2dzRe{hi) = 2dzfi = 2idzlm{hi) = 2idzf2 


and likewise for /i 2 , hence 

dzf = -i/r'i, /i 2 , -i/i'a). 

Therefore h'i,h '2 have poles of order at most two at pi,P 2 , and /ii,/i 2 have at most 
simple poles at pi,P 2 ■ As (2.7) by periodicity, the two residues of hi add up to zero, 
hence 

hi = aiw + I3i 

for appropriate ai,l3i G C,/ = 1,2 . Clearly w has branch points, that is w'{p) = 0 for 
at least one p G C — {pi +r,p 2 +r} . Then h[{p), h^ip) = 0 and by above dzf{p) = 0 . 
This contradicts our assumption that /o is an immersion on C and / is an immersion 
on C — {pi + r,p 2 + r} . Therefore the case (a, 6) = 0 is impossible. 

// 


In the remaining case when 


(a, 6 ) / 0 , 


we reduce to codimension one. After a rotation of , we may assume that 


(2.19) 


Re{a + b),Im{a + 6 ) G x {0}, 


hence 

®3 T ^3) 04 T &4 — 0 (2.20) 

and further (^ 3,^4 = 0 by (2.15). 

We define 


/ := {fij 2 ,f 3 ),d := ( 01 , 02 , 03 ), 6 := {bi,b2,h),d := {di,d2,0) 
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for appropriate / 3 ,a 3,63 to be chosen below. Clearly by (2.12) and (2.13) 


(a, d) = {a, d) = 0 , ( 6 , d) = ( 6 , d) = 0 . 


Choosing 03 G C with 

and 63 = —03 , hence by ( 2 . 20 ) 


flg — ^3 ^4 


l2 ~2 2 I 2 l2 I l2 

63 _ as — tta + a4 — 63 + 64, 
we see 03 + 63 = 0 and by (2.10) 

(ti, (t) = “1“ (^2 “1“ (^2 ~t“ = (n, n) = 0 

and likewise (6, b) = 0 . Further using ( 2 . 20 ) 

(a, 6) = ai6i + 0262 + 0363 = ai6i + 0262 - hi = 

= ai6i + 0262 - 03 - «4 = oihi + 02^2 + 0363 + 0464 = (a, 6). 


Also we want to establish that 


03 7 ^ 0 . 


Indeed if 03 = 0 then 03 + 04 = 03 = 0 and by (2.10) 

2,2 2 2 n 

~\~ (X2 — —^3 — ^4 — 


( 2 . 21 ) 

( 2 . 22 ) 


hence 02 = iioi . Next by (2.12) and (2.13) 

0 = {a, d) = oidi + 02^2 = ai(hi ± id 2 )- 
If oi = 0 then also 02 = ±iai = 0 and by (2.20) 

(a, b) = asbs + a^b^ = -a\ - o^ = 0, 

contrary to our assumption (2.19). Therefore oi / 0 , and we get di ± id 2 = 0 . This 
yields 

{d, d) = hi + hi = 0 

and by (2.14) that 

(a,6)pip2 = 0. 

As pi, p 2 ^ 0 are meromorphic functions, we get (a, 6) = 0 , contrary to our assumption 
(2.19), and (2.22) is proved. 

We want to define /3 in such a way that 

92/3 = a 3 pi + 63P2 = a 3 (pi - P2). ( 2 . 23 ) 


Then 

and as in (2.9) 


dj = dpi + bp2 + d 

(dzLdJ) = 0 , 
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that is / ; C — {pi + r,p 2 + T} —)■ is weakly conformal. 

We turn to (2.23). Now pi — p 2 is a doubly periodic meromorphic function with 
poles precisely at pi + T,p 2 + T and these poles are of order two with residue zero, more 
precisely with princial part 

{z - Piy"^ at Pi+ T, I = 1,2. 

As the poles have vanishing residues, the function pi — p 2 integrates to a meromor¬ 
phic function a) on C with simple poles precisely at pi +T,p 2 + T and with residues 
(—1)* at Pi+ T . As by (2.17) 

J (pi - p2)(C) dC = 0 

for ui = 1,UJ2 = u) and appropriate ^ G C , we see that w is doubly periodic. Comparing 
the residues of w,w , we see that w + w is doubly periodic meromorphic without poles, 
hence constant. Therefore 

w' = -w = -(pi - P 2 ). 

Putting 

/a := Re{-2d3w), 

we calculate 

dzh = -2dzRe{d3w) = -{dsw)' = d^ipi - P 2 ), 

which is (2.23). 

If dzf{p) = 0 for some p G C — {pi -f r,p2 + P} , then dzfi{p),d2f2{p) = 0 and 

0 = dzh = hipi - P2){p) = 0 . 

As as / 0 by (2.22), we get (pi — p 2 ){p) = 0 and further by (2.8) and (2.20) that 

dzfjip) = ajpiip) + bjp 2 {p) = ajipi - p 2 ){p) = 0 for j = 3,4. 

Together dzf{p) = 0 , contrary to our assumption that /o is an immersion on C and 
/ is an immersion on C — {pi -f r,p 2 + P} • Therefore dzf / 0 on C — {pi -f r,p 2 + P} , 
and 

/:C-{pi + r,p2 + r}^M3 

is a conformal immersion. Moreover /i = fi, f 2 = /2 and h = Re{—2d3w) are harmonic 
functions, and therefore / is a minimal conformal immersion. 

To analyse / close to pi,P 2 , we put f{z) := f{pi + (1/^)) for \z\ 1 and calculate 

dzhz) = -^dzfiPi + -) = 

= -P2 + ^) + d- id + b)p{p2 -Pi)) = 

= + 0 ( 1 )) = -d + 0{^), 

hence 

dzf{z) —)• a / 0 for 2 ; —)■ 00 . (2.24) 
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Therefore the gradient of / is bounded for large z , and we can estimate 

\f{z)\<C{l + \z\). 

Putting fg{z) := q!(z/q) , we see 

\fe{z)\ < C{q + \z\), 

hence fg is locally bounded in compact subsets of C — {0} . As further fg is harmonic, 
we see for a subsequence that fg —)• /o smoothly in compact subsets of C — {0} and by 
above 

\fo{z)\ < C\z\ 

and 

dzfo{z) ^ djg{z) d, 

hence 

fo{z) = 2Re{d)Re{z) — 2Im{d)Im{z) 

and fg /o smoothly in compact subsets of C — {0} for the whole family. Clearly as 
(a, a) = 0, a 7 ^ 0 , we see that i2e(a)/|iie(a)|, 7m(a)/|/m(a)| is an orthonormal basis 
of a two dimensional subspace of . Therefore intersects /(T^ — {pi,P 2 }) 

transversally in two closed curves whose preimages contract to pi resp. p 2 for large R , 
and we get for the geodesic curvature 

/ ^ 9 (/-i(B«( 0 ))) ^^9 ^ -4^ as i? ^ oo. 

f-HOBnio)) 

Here we let g '■= f*geuc on be the pull-back metric and dag is the induced line 
element. Moreover, we denote by pg the induced area measure and, since / is minimal, 
the Gaufi curvature is given by Kg = —\Aj\^/2 < 0 , where Aj is the second fundamental 
form of /. Using the GauB-Bonnet Theorem it follows that 


K~g dpg 


Kg dpg = 


72-{Pl.P2} 




= 27ry(/ n^ij(O))) + J «a(/-i(B«( 0 ))) ^^9 ^ 

/-i( 9 Sfl( 0 )) 

where we used that f~^{dBji{0)) consists of two closed curves which contract to pi resp. 
P 2 for ii —)■ oo , therefore these curves bound disks and hence f~^{Bji{0)) = — {pi,p 2 } 

for R large enough. In particular, we obtain 

J = ISvr < oo. 

72-{Pl.P2} 

Then by [S83] Proposition 1 and Theorem 3, we get that / parametrizes a pair of planes 
or a catenoid. But this is impossible, as / is defined on — {^ 1 ,^ 2 } , and hence excludes 
the final case. Therefore there is no immersion of a torus with Willmore energy Svr and 
at least one double point. 
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/// 


In the next Proposition we show that the proof of the above theorem can be modified in 
order to classify all branched conformal immersions from a torus into with at least one 
branch point and Willmore energy Svr. 

Proposition 2.3 Any branched conformal immersion from T^, 0 J G M., into with at 
least one branch point and with Willmore energy Stt is given, up to Mobius transformations, 
by a branched double cover ^ S'^, in particular, it has four branch points. 

Proof: We start by noting that the assumption on the Willmore energy implies that the 
multiplicity of every point x G fo{T^) can be at most two, see [LY82]. Next we assume that 
p G is a branch point of order two of /o and without loss of generality we let fo{p) = 0. 
As in the proof of the above theorem, we get that the inversion / := /(/o) = /o/l/oP : 

— {p} —)■ is a branched conformal immersion. Here we used that /o~^(0) = {p} since 
otherwise the multiplicity of 0 G fo{T^) would be at least three. Additionally, it follows 
from Corollary 2 in [Ngl2] that / is minimal. If we now choose local conformal coordinates 
around p which map p onto the origin, we have that \fo{z)\ x \z\‘^, \dzfo{z)\ x \z\. Hence 
we also get a local conformal parametrization of /o(Hi(0)) and f{Bi{0)) around p with 

9{z) ■■= {f*geuc)iz) = {forgeuc)iz) = (/o(| • rVnc))(^) = 

= \fo{z)\~‘^\dzfo{z)\^9euc - \z\~^geuc 
at least for z close to 0. Since on the other hand 

9{z) = \dzf{z)fgeuc 

we conclude that 

\dj\ X |z|-3 

and hence df is a meromorphic C^-valued 1-form on with a pole of order three at p. 
Without loss of generality we assume from now on that p = 0. Again, we consider /o 
and / as branched conformal immersions which are doubly periodic with respect to P on 
C-P. 

Next we choose a, 6 G so that dzf — ap' — bp has a pole of order at most one in P. 
Note that a ^ 0. Since there are no meromorphic doubly periodic functions with only one 
pole of order one, there exists d G so that 

dzf = ap' + bp + d. 

Since / is conformal away from its branch points, we conclude 

0 = {dzf, dzf) = 

= + ‘^{a,b)p' p + {b,b)p‘^+ 

-|-2(a, d)p' 2(6, d)p {d, d). 

Comparing the order of the poles at the origin of the functions on the right hand side 
implies iteratively 


0 = (a, a) = {a, b) = (6, 6) = (a, d) = (6, d) = (d, d). (2.25) 
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Arguing as in the previous theorem, as a / 0 , we can assume that a = ei — ie2 and 
therefore also bi — ib2 = 0 and 63 — f64 = 0 after a reflection. Moreover, di — id2 = 0 and 
(ds + idi){dz — idi) = d\ + d\ = —d\ — d| = 0 . Lastly, we calculate 

0 = (6, d) = 63(ds - idi). 

Now either d^, — id/^ = 0 , from which we conclude 

0 = 4/1 - idzf 2 = dzh - idzU 

and as in the previous theorem, this implies that the doubly periodic meromorphic func¬ 
tions hi = fI + if2, h2 = f3 + ifi have at most one double pole at 0 . In the second case 
we have 63 = 0 , which implies 64 = 0 and d3 -|- idi = 0 . Here we get 

0 = dzfi - idzf2 = dzfs + idzfi 

let hi = fI + f/2 and h2 ■= f3 — if4 and then we can repeat the above 
we conclude that there exist ai,f 3 i G C, I = 1,2, with 
hi = aip + (5i 

and 

dzf = ^{h'l, -ih[,h2, -ih'2). 

This implies in particular that 

dzf3 = dzRe{a2p + h) = (l/2)(a2py = (a2/2)p'. 

Since on the other hand we have 03 = 0 this yields 

b3p + d3 = { 012 12) p' 

and by comparing again the order of the poles of the involved functions we get 

63 = 64 = d3 = d4 = 012 = 0. 

Hence we conclude that /3 and f^ are constant and fi = Re{aip+fdi), f2 = Im{aip + j 3 i). 
Clearly ai 7^ 0 as a 7^ 0 and we can compose / with a dilation and a translation in order 
to get that 

/:r2^R2x{0}, /(z) = (p(z),0) 

and / resp. /o is a branched double cover. Note that the degree of p is two and the theorem 
of Riemann-Hurwitz, see [Jo] Theorem 2 . 5 . 2 , implies that p has four branch points. 

/// 


and this time we 
argument. 

In both cases 
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3 Infimal Willmore energy for fixed conformal class in 
higher codimension 

In the previous section, we showed that there are no immersed tori in with Willmore 
energy equal to Svr and at least one double point. Additionally, we showed that the only 
branched conformal immersion with Willmore energy Stt is, up to Mobius transformations, 
a branched double cover —)■ S'^. In this section, we show by perturbing this branched 
immersion that the infimal Willmore energy of smooth conformal immersions is at most 
Stt in any conformal class of tori. 

Theorem 3.1 For any conformal class oj ^ M. , we have 


^4(00) < Stt, 


(3.1) 


in particular Ain is continuous for n > 4 . 

Proof: 

For cj close to uj the Weierstrass p — function is given by 


Pa ( z ) := -2 + 




{z - 7 )^ 



see the proof of Proposition 2.2 and [Ah] §7.3.1. This is a doubly-periodic, meromorphic 
function with one pole of order two at the origin apart from congruences with respect to 
the lattice Z+ciZ . It can be considered as a holomorphic mapping TJ = C/Z+crZ —)■ , 
which is of degree two and has four branch points according to the theorem of Riemann- 
Hurwitz, see [Jo] Theorem 2.5.2. To work with simple poles as in §2, we choose a G C 
which has two preimages with non-vanishing derivative of and see that (po- — a)~^ 
is doubly-periodic and meromorphic with two simple poles apart from congruences for 
CJ ~ CJ . We transform this on the fixed reference torus ;= C/Z -|- iZ by the linear 
map Ag- ; C^A-C, ;= (ei,cj) , which maps Z -|- iZ onto Z -|- cjZ , hence factors to a 
diffeomorphism , and put 

u := {Pa - a)-' o A^ o (C ^ r2)-i : r2 ^ C U { 00 } 

for the canonical quotient map C —)• . As the poles are simple now, we know from 

Proposition 2.2 that for any Mobius transformation U { 00 }5*^ the map o 

{fa, 0) : — 7 - is smooth and an immersion outside the branch points of fa ■ We note 

that {pa{z)—a)~^ is a continuous function which is analytic in the variables z, a separately 
away from its poles. Therefore, it follows from Osgood’s Lemma (see e.g. [GuRo]), that 
fa depends analytically on {z, a) outside the poles. Clearly, fa induces the conformal 
class a , provided that a £ Ai . To avoid problems when cj G dAi , we work instead in 
the Teichmiiller space T = [/m > 0] C C , then clearly fa induces the Teichmiiller class 
CJ . For the Teichmiiller space, we refer to [FiTr84] and [Tr]. 

Let Po,pi G be the two poles and 6 i ,...64 G be the branch points of 
fco , which are distinct, as the poles are simple. We fix J > 0 such that the balls 
BssiPi), B^sibj) for i = 0,l,j = 1, 2,3,4, are pairwise disjoint congruent to Z iZ and 
are evenly covered by C —)• . Next for cj G Bg{u:) with > 0 small, fa has exactly 
one pole respectively one branch point in Bs{pi), Bs{bj) . As in § 2 , we add a function pa 
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in order that o [fa^eipcj) is an immersion also at bj for e > 0 and for every Mob ins 
transformation <I> : U {oo}^^5^ . This is done by choosing to be holomorphic in 

B 2 s{bj) , more precisely we consider 2: = {x,y) A„z which obviously is holomorphic 
in the complex structure induced by . Then we put for some cut-off function 

T] G (7^(535(0)), 0 < 7? < l,r/ = 1 in B 2 s{ 0 ) , that 

4 

ipa{p) ■■= '^r]{p - bj)A^p for p G T^, 
i=i 

where we take any branch of A„ locally in B^s{bj) ■ We calculate in B 2 s{bj) by holo- 
morphy 

{fa,£Pa)*geuc = ((pa “ O A^,sA^)*geuc = + e^)5'e«c 


and see that {fa,e(pa) is a smooth immersion in B 2 s{bj) for e > 0 which is conformal 
to A%geuc • Similarly, we have outside of ^'j=iB^s{bj) U {pi,P 2 ] 

if O': ^Pcr) geuc — ((pcr Ck) O Aq-, 0) Peuc — A^\ (po- O') ) | Peuc- 

As ^ o fa is an immersion in — U'j^^Bs^bj) and supp pa C \j'^^^B‘j,s{hj) , we 
see that Proposition 2.2 implies that <f> o [fa,e(pa) is an immersion on for e > 0 , 
a G Bq{oj) for q > Q small and for any Mobius transformation U {oo}^^5^ . 

Moreover the pull-back metric of o {fa,eipa) is conformal to A%geuc outside of 

4 

- b,) / 0] C IJ (^Bssibj) - B2s{bj)). 
i=i 

Next we introduce the projection tt : Aiet = { smooth metrics on T^} —)■ T in the 
Teichmiiller space and examine the Teichmiiller class induced by <ko (/^, epa) by putting 
for every e > 0 

r(cr,e) := 7r(^{^o {fa, eipa))*geucy 

The projection tt is smooth in the — topology of Met , see [FiTr84] Theorem 1.5, 

2.2, 7.7, 7.8, §8,9 for s > 2 and [Tr] Theorem 1.3.2, 1.6.2, Corollary 1.3.3, Remark 2.5.3 
(1) for s > 3 . Therefore it follows from the above smoothness considerations for fa that 
r is continuous in T x M'*' and we claim that lim„^oo T{an,£n) = cr as {on, £n) (f, 0) . 

In order to see this we let rj be as above and we define the function Xa^e ; C —)> M'*' by 


^ 0 ,s{z) 


l + '^g{z-bj) 
3 = 1 



1 

a)-\Aa{z)))'\‘^ + e‘^ 



+ E-?(2 B)(|(p,_a)-i(A,(,))y|2 l)- 

Using this definition and the above expressions for the metric {fa:£Po)*geuc near the 
branch points resp. poles, it follows that the new metric 


^o,e{fo: £^o) geuc 
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can be smoothly extended into the poles and is independent of s outside of — 

B 25 {bj) ■ Moreover, it depends smoothly on (cr, e) and is a smooth nondegenerate metric 
also for e = 0 . Therefore, the new metric converges smoothly and since 

T((T,e) = 7r(Aa,£(/a,eV^a)*5'enc) 


and 

0 ) Qeuc) — ^ 

we finish the proof of the claim. As by the above lim^^o 'r(o', e) = o" , we know for e > 0 
small that the mapping degree is 

deg{T{-,£),BQ{u),uj) = 1 , 

hence there exists ^ oj with T{as,£) = uj and therefore, for every e > 0 small, we 
have 

Mi{uj) < >V($ o 

As in the previous proposition, it follows from Gauss-Bonnet that 


= 8Tr + W{{fa^,£lfa^)). 

Since is holomorphic and hence minimal outside of Uj=i 

we get 

Moreover, ^ ifa,0) smoothly on (^535(6^) - B25(6j)^ , which implies 

>V((/ae,£</3^e)lu^^l(S3Afej)-e2AfeT)^ ^^))\[J‘^j^^iB3s{bj)-B25{bj))^ = ^ 

and therefore 

M 4 {u}) < lim >V($ o {fa^,e(pa,)) = Stt, 
thereby establishing (3.1). 

The continuity of Ain for n > 4 follows directly from (3.1) and [Schl3] Proposition 

4.1. 


/// 

Remark: 

The above construction is not possible in codimension one. Indeed, let /^ : —)• M^,a; G 

A4 , be a sequence of conformal immersions with 


limsup VV’(/fe) < Stt 

k^oo 


and 

fk /o weakly in - S,M.^ ) 


for some finite set S C and where /o : —)• is a branched conformal 

immersion with square integrable second fundamental form. We know that this 
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is true by [KuLil2] Proposition 4.1 for a subsequence fk replaced by ° fk for appro¬ 
priate Mobius transformations of . 

Now we assume that /o has at least one branch point p . We have W(/o) < Stt 
by lower semicontinuity, and assuming fo{p) = 0 after translation, we get as in the 
proof of Proposition 2.3 with [LY82] and [Ngl2] Corollary 2 that the inversion / ;= 
/(/o) = /o/l/op : - {p} ^ m 3 is a branched conformal minimal immersion. Then 

outside the finitely many branch points of /o respectively of / , hence almost everywhere 
on - {P} , we get A/ = 0 , in particular / is smooth on — {p} . Moreover 
\fo{p + -2)1 kP and |V/o(p -|- z)\ x \z\ by [KuLil2] Theorem 3.1 and its proof, as the 
branch point p of /o has order two, hence as in the proof of Proposition 2.3 

\dj{p + z)\-\z\-^ 

and df is a meromorphic C3-valued 1-form on Tp with a pole of order three at p . 
Then the proof of Proposition 2.3 proceeds, and /o is up to Mobius transformations a 
branched double cover Tp —)■ 5*^ , in particular it has four branch points. By the proof 
of [KuLil2] Proposition 4.1, these branch points are contained in the exceptional set S , 
hence #(5') > 4 , and 

/ l^/oP d^/o + #(*5)73 < limsup / |%p d/x/,, 

J k^oo J 

rp2 T2 

UJ (jJ 

where 73 = Svr in codimension one, see [KuLil2] Corollary 2.4 and Proposition 4.1 and 
[Schl3] Proposition 5.1. Since by the Gaufi-Bonnet theorem and the Gaufi equations 


limsup / |%p d/i/. 


k^oo 


T2 


lim sup 

k^oo 


2 j d/i/,) < 327r 

rp2 

(jJ 


and #(5) > 4 , we conclude that Af^ = 0 , which is not true, as fo : ^ 5^ is a 

branched double cover. 

Therefore /o is an unbranched conformal immersion. Moreover by [KuLil2] 

Theorem 3.1, we see that /o is uniformly conformal in the sense that f^geuc = 
e^^Qeuc with u G L°°{T^) . If further = Svr , that is fk is a minimizing sequence, 

then by [KuSchl3] Theorem 7.4, we get that /o is a smooth conformally constrained 
minimizer of the Willmore energy on in M3 . 

□ 


Combining with [KuLil2] Corollary 4.1 or [Ril4] Theorem 1.17, we obtain the follow¬ 
ing corollary which improves the existence result for conformally constrained Willmore 
minimizers of Kuwert-Li [KuLil2] and Riviere [Ril4] in the case of tori in M3. 

Corollary 3.2 For every conformal class oj G M. with < Svr , there exists a 

smooth conformal immersion f : ^ which minimizes the Willmore energy in the 

set of all conformal immersions on —)■ M3 _ 
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